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Electromagnetic Units and Equations
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Abstract—Different systems of units are often used in electrical  Now in Wonderland they also use dollars and cents. One
engineering and in physics, causing difficulties when the need dollar there equals 100 cents, just as in the U.S. Their Won-
arises to convert from one system of units to another. This can be derland dollar was originally based on the silver standard and

a problem in certain areas of electromagnetism, as in microwave looked similarto a U.S. silver dollar. which originally it led
engineering when dealing with magnetic materials and devices, '00K€d Simiiartoa.s. stiver doliar, which originally itequaled.

or with electromagnetic-wave propagation. It arises, for example, Nowadays, itis justa paper bill thatlooks much like aU.S. paper
when converting between units or equations of the (rationalized, dollar. However, the Wonderland dollar continued to be pegged
unsymmetrical) meter, kilogram, second, and ampere system and to the silver standard, constantly increasing its value relative
the (nonrationalized symmetrical) Gaussian system often used , the .S, dollar. Since the price of silver fluctuated, so did
in physics. This paper solves the problem by means dsedanken the value of the Wonderland dollar relative to the U.S. dollar
(“in-the-mind”) experiments. You are invited to join “Alice in . e "~ )
Wonderland,” where anything is possible and every experiment 10 avoid these uncertainties of the market place, the Wonder-
has a happy outcome. land Government decided to fix the exchange rate. After con-
Index Terms—egs, dimensions, emu, esu, Gaussian, Maxwell's SUlting their national astrologers, they pegged the Wonderland
equations, MKSA, units. dollar at exactly one Wonderland dollar4e U.S. dollars. Now
the Wonderland cent, an unimpressive copper coin, has always
been pegged at parity with the U.S. cent. Since there is no trade
between Wonderland and the rest of the world, this strange ar-
OU HAVE surely heard how Alice fell down the rabbitrangement did not bother the Wonderlanders. In fact, they were
hole, at the bottom of which she landed in Wonderland. iather pleased with it because Wonderland tourists profit when
Wonderland, things are possible that you could not even bedfiey exchange each of their Wonderland dollars for several U.S.
to imagine in the real worldGedanker(“in-the-mind”) exper- dollars at the border. Thus,
iments can be carried out in Wonderland that test and help to
explain strange conundrums that crop up in our world. We shall

. INTRODUCTION

1U.S.$ =100 U.S. cents

see how some common misconceptions about electromagnetic 1 WL $ =100 WL cents
units were thus resolved by the resourceful denizens of Wonder- 1 WL cent=1 U.S. cent
land. Alice is anxious that scientists and engineers everywhere

may profit from these Wonderland experiments. however,

After her first adventure in Wonderland, Alice loved to go
back and spend each vacation with her new-found friends there.
The record of three of those vacations follows.

1WL § =4#x US$

“But that’s impossible,” cried Alice. It made no sense to her.
The Mad Hatter laughed and laughed and laughed his hat off.

A. Vacation | “It's really very simple,” he said. “It's all in the equations. We
(From which Alice learns how to convert between rationalse an irrational money system in Wonderland. By making our
ized and nonrationalized units and equations.) dollar worth more than yours, we don'’t have to work and can

Alice’s first vacation in Wonderland was coming to an endive very well too. Goodbye.”
The Mad Hatter escorted her to the border. “You must leaveAs he left, he pressed a note into Alice’s hand. “Read this
Wonderland now,” he said, “and return home.” Alice thankedhen you get home,” he said; “then think about it till you've
the Mad Hatter for allowing her to join the mad tea party. Theolved this conundrum.”
Mad Hatter appeared not to hear her. “You can change youtWhen Alice arrived home from Wonderland, she read the
money here,” he told Alice matter-of-factly as they passed tmete. It said in part: “We have discovered the secret of life
bureau-de-change at the border. without labor by multiplying the value of our dollar by a factor
S relative to yours § for silver). S originally fluctuated with
Manuscript received October 24, 2001. This paper is an extension to two EQB price of silver, so our Congress voted unanimously to fix
pers initially published in théEEE Microwave Magazinevol. 2, no. 1, pps. the exchange rate &t= 4x This proved so popular that we did
16-20, March 2001, and vol. 2, no. 3, pps. 12-16, September 2001, respectigia same for other precious commodities simply by changing
The author is at 9 Stone Gate Court, Baltimore, MD 21208-1031 USA . .
(e-mail: youngturner@earthlink.net). our equations. For example, your meter, kilogram, second
Publisher Item Identifier S 0018-9480(02)01975-0. and ampere (MKSA) system of units claims that the wave
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impedance of free space R0~ €2, but by de-rationalizing by making it too easy to convert among different systems of
Maxwell’s equations, we made ours equal tofBBY pegging units. He hoped that eventually one and only one system would
our resistancé! to yours as we did with the cent, whileprevail, namely, the rationalized MKSA system, or MKSA(
allowing our wave-impedanc@-to change relative to yoursfor short. |1 could see his point. Nevertheless, other systems
as we did with the dollar, we made our wave-impedafice{such as a nonrationalized cgs systems) continue to thrive and
worth 47 times yours.” There were other examples in the Madio well in certain areas of physics, mostly for good reason.
Hatter’s note. Alice felt challenged. She thought about it long In the late 1960s, | worked on magnetically tunable filters.
and hard till she got it. How did she solve this conundrum? The tiny yttrium—iron—garnet (YIG) spheres were made from
Sounds like a fairy tale? Impossible, you say? It's not. Renaterial specified by the supplier in @onrationalizedcgs
place Alice by Leo Young (LY) and the Mad Hatter by Professaystem. The filter performance had to be specified in the
J. A. Ratcliffe (JAR), professor of physics at Cambridge UniationalizedMKSA system. Again, it was difficult to explain
versity, Cambridge, U.K., when LY was an undergraduate theifee conversion process in clear mathematical terms. Thus, just
attending his lectures on electromagnetism. Now JAR startiikke Alice, let us see what we can do about the Mad Hatter's
his course with Coulomb’s law. As in electrostatic units (esughallenge.
he did not havelw in Coulomb’s law. Instead, thér’s pop up Like other microwave engineers, | too use the common (ratio-
later in Maxwell's and other equations. Such a system of unitsriglized) MKSA() system. When occasionally | need to venture
called “nonrationalized.” (Compare the money system in Wointo a Wonderland like “cgs-land,” where people use another
derland, which the Mad Hatter called “irrational.”) Further, thécurrency” (unit system), | can work with them too because |
esu system is one of several nonrationalized centimeter, gramow how to exchange my MKSAJ “dollars and cents” (units)
and second (cgs) systems (that is, systems that use cgs for tfagitheirs. Starting with Maxwell's equations in free space, let
basic units, rather than meter, kilogram, and second). Thus, JAR give a brief explanation, at least enough to get you started.
combined a cgs system efjuationswith MKSA units in other The culprit—if there is one—is the factdyr. If suppressed
words, he taught us the nonrationalized version of the MKSi#ere it pops upthere Naturally we take it out of our favorite
system (MKSA units with nonrationalized equations). We shglinost often used) equations and let others worry about it
refer to the rationalized MKSA system (which is commonlglsewhere. Thus, as a microwave engineer, | will obviously
used) as MKSA), while referring to the nonrationalized formtake it out of Maxwell’s equations before | will take it out of
of the MKSA system (which is almost never used, but was us€g®ulomb’s law. The unavoidable problem is one of geometry,
in class by JAR) as MKSA{r). namely, that the surface of a spherdistimes the square of its
When | left Wonderland-by-the-Cam and entered the regdius and there is nothing to be done about it. In other words,
world, working on radars and waveguides, antennas and prop#ere happen to be justr srin a sphere. (From here on out, we
gation, magnetically tunable filters and microwave devices &hall use the term sphere as a measure of solid angle.) Thus,
all kinds, | was puzzled by the fact that JAR’s notes made tlifethe parties have different ideas on where to place theis
impedance of free space equal to @0when most engineers when they meet to do business, they may use a place holder
said it equaled 207 2, as well as by other similar discrepanio facilitate the transition. We will call itS (S in honor of
cies. Like Alice, | felt challenged to solve this conundrum. $phere or steradian or, if you are a Wonderland fan, of silver).
treasured JAR'’s excellent lecture notes, but | could never t&lpw, Maxwell’s equations may be written (with conventional
when my answer might be off by a factor éfr relative to notation and symbols, but with the insertion of the place holder
almost everyone else’s. S that may later be set equal to either unityai) as follows:

When finally | solved the puzzle, | published several short

papers on it, but hardly anyone read them. | detailed my discov- V-D=5p @
eries in a book (with a foreword by JAR) to favorable reviews, V-B=0 (2)
but hardly anyone bought it. In the 1960s and 1970s, | corre- VXxE~=— JB 3)
sponded with and later visited the National Bureau of Standards ot

(NBS) [now NIST (National Institute of Standards and Tech- V x H=8J + 9D (4)
nology)] in Washington, DC, in particular Dr. Chester (“Chet”) - ot

Page (CP). CP was very kind, even fatherly. He endorsed Rjieres = 1 for rationalized systems anl = 4r for nonra-
work. He knew about the paradox and the mischief it coulgpnalized systems. (Bold letters represent vectors.)

cause. He agreed that my solution cleared it up and that it wouldon the other hand, Coulomb’s law (again with conventional
facilitate the conversion among different systems of units, neymbols) becomes

only between rationalized and nonrationalized systems, but
also by extension among Gaussian, Heaviside—Lorentz, Hansen = 510> (5)
units, and the lot. However, he could not support adopting my dmeoe,1?

proposal for “transitional” units. The reason he gave me Wgghere once mors = 1 gives MKSA() andsS = 4~ gives esu

cgrious. He said it WOL_JId make fbo easyto convert among or electromagnetic units (emu) or, for that matter, MKSAY
different systems of units! That seemed odd to me. | asked him

to explain. He said that NBS’s mission was to standardize. |n1$imilar|y, the U.S. has officially been on the metric standard since the
hi . id | dardi | h “Mendenhall Order” of 1893 (eight years before the establishment of the NBS
this case, it evidently meant to standardize not only on the Unit$; o1y, put the pound, inch, etc., remain in common use—in this instance, for

but also on thequationsThis goal would not have been servedifferent reasons, part economic (by industry) and part inertia (by the public).
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In rationalized systems where = 1, Maxwell's equations are sy and o are both set equal to unity simultaneously, as for ex-
free of4x’s, while in nonrationalized systems, whefe= 47, ample, in the Gaussian system of units.)
Coulomb’s law is free ofir in the equation. Which system one Have you heard the latest news since Einstein? It broke re-
picks is a matter ofonvenience-often simply the system with cently in scientific and engineering journals, suclSaencend
the fewest number of those pedty’s in one’s equations. IEEE Spectrunand it even made headlines in the popular press,
The change in the numerical value®fs based on spherical as in theSan Francisco ChronicleYes, light can be slowed
geometry—on whether one implicitly uses sphere (whiea 1) down, even stopped! Well, it may have been news to you and
or steradian (whey = 4x) as the unit of solid angle. (Sinceme, but it wasn’t news in Wonderland, where it had been known
the “quantity” S is the same—only its measure changes—tHer a long time. Thus, if a Nobel prize were to be awarded for
unit of S is inversely proportional to its measure.) Howevethis discovery, it ought to go to a Wonderland scientist—Nobel
viewed simply as a symbol in a mathematical equattbmay Committee, please note. Here is the full story of how Alice first
conveniently be treated as a fifth base quantity (besides lengthcountered this phenomenon in Wonderland. And then | will
mass, time, and current) with dimensions (just like the other foshow how it explains Gaussian units, which are now in common
guantities treated as bastcf course, its numerical value doesuse in Wonderland.
not range over an infinite continuum of possible values (as with Last time we lost sight of Alice she had just disappeared
“real” variables like length or time); instead, it is a variable witldown the rabbit hole leading to Wonderland. She had started
only two possible values: unity afr. InsertingS needs to be her summer vacation and could not wait to see her old friends
only a temporary device during the conversion process (fratmere again. Thus, she persuaded her parents to send her to
one system of units and equations to another), a sort of platenmer camp in Wonderland. One day she was walking near
holder for either unity odr. Let us see how it works. Being camp and became lost in the nearby woods when the Cheshire
microwave engineers, let us start with wave impedance. Cat appeared. Alice asked the Cat for directions, but what she
Example: Treating S as a fifth base quantity, what areheard was confusing. The Cat disappeared and reappeared
the dimensions of wave impedance compared to the dimeseveral times; this upset Alice, who said to the Cat (quoted in
sions of resistance? With the usual notation, the dimensidmsr own words by her biographer Lewis Carroll):
of resistanceR are those ofV/I, which we shall write  “Iwish you wouldn't keep appearing and vanishing so sud-
[R] = [V/I], using square brackets to denote dimensiondénly: you make one quite giddy!”
equations. For wave impedancs,,, on the other hand, (4) “All right,” said the Cat; and this time it vanished quite
yields[Z,,] = [E/H] = [V/51] = [R/S]. Thus, the unit of slowly, beginning with the end of the tail and ending with the
Z,, is not just2, but “Q2 per sphere” in MKSA{) and “@2/sr”  grin, which remained some time after the rest of it had gone.
in MKSA(nr). The conundrum is solved120x Q/sphere” is  “Well! I've often seen a cat without a grin,” thought Alice;
consistent with “3Q2/sr.” “but a grin without a cat! It's the most curious thing | ever saw
A similar approach allows the performance of a magneiin my life!”
cally tunable microwave filter to be expressed in MKSA{nits So how did Alice explain this curious phenomenon? Fortu-
when the saturation magnetization of a YIG sphere is given, aately, Alice had attended classes in electrical engineering. But
it usually is, in nonrationalized Gaussian units. (Compare Afet me start at the beginning.
pendix B, Example 4.) When two charge§}; andQ- exert a force on one another
When Alice understood all this, she was very pleased witlike charges repel, opposite charges attract), we explain this
herself and wanted to tell everybody. However, no one wousiep by step as follows. We say that the first charge emits an
listen. They were too busy with their daily routines, quite happlectric flux with a flux density symbolized . This electric
with whatever unit system they were used to in their own lalfiux density gives rise to an electric field, which exerts a force
oratories [mostly MKSA()]. And that is the way it should be. F on the second charge that is immersed in the f2ldVe may
When doing business in a strange land with a seemingly irt&tus depict this sequence
tional currency system, we need to know the “exchange rate”
for each denomination, but once back home, we will naturally
revert to our own familiar currency.
A year passed. Alice missed her goo'd'friends in Wonderlah%%rle is proportional tdD. In a vacuum, the factor of propor-
and wanted to go back for a summer visit. Fortunately, she Lo :
. . ality is writtensq so that
saved a few of those precious Wonderland dollars of that irra-
tional currency. Down she dived into the rabbit hole and quickly
disappeared from view, with a new tolerance for all things that D =¢E. (6)
at first sight seem “irrational.”

OL—-D—FEF—Qy— F

Similarly, two currents/; and /> exert forces on one another
B. Vacation Il and we again explain it step by step. The first current generates a

magnetic fieldH. This magnetic field gives rise to a magnetic

) (Wherein Alice !earns about. symmetrical and nonsymm%—] density B, which exerts a force on the second current that
rical systems of units. Symmetrical systems are systems in wriméc mersed in that flux. We may thus depict this sequence

2Compare Appendix A. Ii—-H—-B—1,—F.



1024 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 50, NO. 3, MARCH 2002

Now B is proportional taH. In a vacuum, the factor of propor-to run, but always keeping the stranger in view. In this way, the

tionality is uo SO that Cat observed Alice’s every move, grinning, but eyeing her sus-
piciously.
B = poH. () This Cat was just 60-cm long from head to tail; it now took

Equations (6) and (7) reduce the number of independent val%' )ht exactly 1 min to travel the length of the beast. Thus, when

ables in Maxwell’s equations by two (by connectiBowith E e animal jumped up suddenly and took flight, the light orig-
andH with B). Equations (6) and (7) are referred to as the“cor%'jatmg from the tail, having arrived at the viewer’s eyes first,
stitutive relati(')n(sq " made the tail disappear first. The light from the grinning face,
It can be showﬁ from Maxwell's equations and from the Conh_aving taken 1 min longer to arrive, kept coming for another
stitutive relations that there exist electromagnetic waves tnrglnute after the tail had disappeared and.so the grin stayed 1 min
travel with a velocitye in vacuun? given by onger and for a while appeared to be without body. Thus, you
' had a phenomenon for which Wonderland became famous. It
1 ®) was a strange sight to behold and a great tourist attraction, that
Veoko disembodied grin of the Cheshire Cat.

) However, there was a downside too. It made it difficult for
The values ok and i, can be measured experimentally (0O{yonderland scientists and engineers to work with their col-

definedab initio) and the velocity of the eIectromagne.tic WaveRsagues from other countries where the velocity of light{as
can thus be calqulated from (8). (One _of the_ early triumphs of 1 uch greater (approximately:3101° cm/s in vacuum).
Maxwell's equations was that the velocity of light was the same 1,5 \w|ST ordered Maxwell's equations to be outfitted with
as the velocity predicted by_ (8), the first credible evidence thﬁt‘place holder,” the constat, equal to unity in Wonderland,
light was an electromagnetic wave.) but outside Wonderland equal tgc, wherec is the numerical

Itis, of course, a nuisance to have to remember the numeriga| e of . measured in centimeters per second. Retaining the
values ofgy andg. Their numerical values are a function Ofother constans already explained and addirig, Maxwell's
the basic units chosen (e.g., centimeter and second) and Ofélaﬁations (1)__(4) now become
constants we introduce into Maxwell's equations. In MKSA ra-
tionalized units, all the constants in Maxwell's equations are set V-D=5p (9)

equal to unity, thus simplifying the equations, but complicating

the numerical values @f, and;o. Why not start from a different V-B=0 OB (10)
point-of-view, i.e., start by setting often used constants dike U'ZWWxE=-—"= (1D
andyo equal to unity and let the chips (i.e., nonunity constants) 8taD

fall where they might in the equations? UT'VxH=5J+ o (12)

That is precisely what was done by the innovative Wonder-
land Institute of Standards and Technology (known fondly aghere S = 1 for rationalized ¢) systems andd = 4x for
WIST), which functions much like NIST in the U.S. WIST madeonrationalized+r) systems. Furthef/ = 1 for both MKSA
a bold move to give Wonderland scientists and engineers a (egtionalized and nonrationalized) systems and in the WIST
up, so to speak, over those in the rest of the world. On a tr@}stem. However, in the rest of the world,= 1/¢, whenever
basis, WIST started with the constants in (6) and (7) by sely = 1 anduy = 1, where it is known as the Gaussian
ting them equal to unity, thus making = 1 anduy = 1. system of units§ = 4, g0 = 1, po = 1, U = 1/¢, plus
This reduced the arithmetic workload on Wonderland scientistgs base units) after the famous 17th-18th Century German
and gave them more time for thinking. This system of units wasathematician and physicist Johann Carl Friedrich Gauss.
called the WIST system. Thus was the Gaussian system independently invented by the

Now WIST also standardized on cgs (rather than on MKSA)genious people at WIST. With the “place holder” constignt
units. By not tampering with the constants in Maxwell's equan Maxwell’s equations, the velocity of light is derived to be
tions, WIST retained (8) unchanged. A curious by-product of
this WIST system was that by (8), the velocity of light became c= #.
unity, thus slowing the velocity of light in Wonderland to just U/eoto
1 cm/s. This, in turn, had some interesting consequences .W]r

which Wonderland became famous. One of them was the grinus’ while inside Wo.nderland, WIST sgt all t.hree _con;tants
u%, andU, equal to unity, yet when working with scientists out-
I

of the Cheshire Cat as related in the quotation cited above.S e Wonderland, WIST allowed the use of the Gaussian system

works as follows. . . .
The Cat, being a shy animal, was always ready to vani!sr}]WhIChQ 1/¢,soas tq re“""f‘ bothy, = 1 andyo = 1along
: ; . . ; with the real-world velocity of light.
by bolting at the slightest provocation (real or imagined) from . . .
Summing up, three systems of electromagnetic units are of

anyone. The Cat would always crouch ready for a quick gest— ecial interest. They are defined by the numerical values of

away, tip of tail nearest the stranger, head farthest away, re ; , . ) o
y. ip 9 Y: T€38%r constants in Maxwell's equations and in the constitutive
3 stands for the velocity of light, a dimensional (length/time) number equéelations (1)—(6), as shown in Table I.
to 199 792 458 mm/s, or approximately3101° cm/s. We shall have many oc- Clearly the WIST system appears superior, having all but one
casions where we shall need a pure (dimensionless) number equal to the veloc]it{/h | itv. The Wonderland C
of light in centimeters per second; we shall denote the latter(bydistinguish 0! L(N€S€ constants equal to unity. The Wonderland Congress was

it from the former, denoted by). lobbied to pass a law making the experiment official. Thus, the

(13)
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TABLE | TABLE 1l
CONSTANTS OF THEMKSA(r), GAUSSIAN, AND WIST SrSTEMS COMPARED LINE-UP OF THECARDS
S U g, Ly S S=1 S=4n
MKSA(r) 1 1 10°/36m | dmx10” \ [rationalized system] | [non-rationalized
Gaussian 4n_ [ ~1/3x10" 1 1 U system]

WIST an 1 1 1 u=1 A Spades v Hearts
[nonsymmetrical [MKSA(r)] [MKSA(nr)]
system]

. . . U=1l/c ES Clubs ¢ Diamonds
Wonderlanders discovered that the velocity of light could k [symmetrical system] | [Heaviside-Lorentz] [Gaussian]

reduced to a mere dribble of 1 cm/s. However, there was a cat s
Although scientists in Wonderland were happy with the

WIST system of units, traffic engineers were not at all happyf Spades was the most senior, followed in order of seniority
with the accidents that ensued! Cars driving at speeds greadgkne Kings of Hearts, Diamonds, and Clubs. These four king-
than 1 cm/s constantly bumped into one another before thgyms cooperated, argued, squabbled, made alliances and fought
could see each other coming. So another law had to be pasggfhng themselves, even trumped one another. It was very con-
that no one was to move faster than 1 cm/s. Wonderland almﬁging to Alice.
came to a standstill. The laws were repealed. The experiment, each kingdom there were two cards like no other. They
ended. The Gaussian system it was that survived! were the Wonderland equivalent of diplomats. These “Jokers”
By what names shall we know the units©@®? PhysicallyU  could act as brokers or peace makers. They could represent
arises from planar angle (from turns or windings), as desany other card in their kingdom, thereby settling disagree-
from solid angle (from flux). We shall name the unitiéfin the ments, arranging alliances, making connections, and generally
MKSA systems theurn (comparespherefor S); in Gaussian smoothing things out. Since there were only two of them in
units, we will name the unit of/ thecurl because aurl (think  gach kingdom and the kings were prone to squabble, they were
of acoil, if you please) is manturns Thecurlis larger than the kept very busy. Thus, they were constantly in demand, moving
turn (by a factorc) because the numerical valueldfis smaller from one place to another, leaving the scene as soon as they
in Gaussian units than it is in MKSA units. (rger measure nhad settled a dispute.
of a constantphysical quantity implies that its unit Emaller  One of the causes of friction or miscommunications among
and vice versa.) We will see in Appendix B why it helps to givghese four kingdoms was that each king—for reasons of histor-
names (in this casejrn andcurl) to all units (as we give namesica| continuity, or out of a sense of false pride, or from mere
to all people). pigheadedness, or simply through inertia—favored a different
Alice enjoyed her adventures in summer camp. Where butdpstem of units and equations. We already saw in (9)—(12) that
Wonderland could she have experienced such a startling exp@jiren two numerical constants in Maxwell's equations are re-
ment with the velocity of light? She was excited to have gaingflaced by algebraic symbols, the equations can represent more
a clearer understanding of units and equations in electrical Ran one system of units. Each of the four kingdoms of cards
gineering. As she left Wonderland for home, she imagined tegpoused one system of units and only one, as summarized in
Cheshire Cat’s famous grin grinning her a farewell from the tregyple 1.
tops, reminding her of the interesting lesson she had justlearnedrhys, Spades favored the rationalized form of the MKSA
She could hardly wait to get back to school and tell her teacfgystem, or MKSA() for short, while Hearts preferred the non-

all about Gaussian units. rationalized MKSA system, or MKSA) for short. Diamonds
and Clubs had strong lobbies of theoretical physicists who fre-
C. Vacation llI quently used the electric constasy and the magnetic con-

. . . stantuo in their equations and could save ink by settiag=
(Ahce.bears V\_ntness ina royal Court of Law and shows thaﬁo = 1, therefore, they lobbied hard for Gaussian and Heav-
a diversity of unit systems is no threat to anyone.)

. : __iside—Lorentz units, respectively; Diamonds went Gaussian,
The trial was a scandal. Alice was called as an expert withegs,ii« clubs chose Heaviside—Lorentz

The King of Hearts was the judge. The Queen of Hearts was thel’hus, the two heart-shaped symbols (Spades and Hearts)
prosecutor. The Knave of Hearts was in chains, guarded by t‘ﬂ@reed on MKSA and/ — 1. but not on rationalization

aces with long lances, accused of being a traitor for trying ohile the other two (Diamonds and Clubs) agreed on cgs and

introduce rationalized units into the nonrationalized ngdor{g0 — 1o = 1, but again could not agree on rationalization. On

of Hearts. Alice was called to testify for the Defense. She tOWre other hand, the two “black” kingdoms agreed to rationalize,

ered over the card characters and so was not afraid to spealwmle the two “red” kingdoms agreed not to rationalize. These

“Where is the King of Spades? Where are the other kings?” Snﬁéal idiosyncrasies are summarized in Table II.

asked. “Why haven't they been called as witnesses?” Then sh
added pomtedly, And where are the Jokers? 4The Heaviside—Lorentz system of units is the rationalized version of the
You see, Wonderland was divided into four kingdoms jusaussian system, i.e., the only changeSis= 1 instead ofS = 4r. Both
like a pack of cards is divided into four suits. The kingdomystems assign the numerical value unity to both the electric and magnetic con-
. . . stants £, = 1 andu, = 1) and are, therefore, called “symmetrical.” Systems
were ruled, respectively, by the King of Spades, the King

; ) : ) which one or both of these two constants are not equal to unity are called
Hearts, the King of Diamonds, and the King of Clubs. The Kingonsymmetrical.
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Such disagreements made scientific and engineering coopeie must express every quantity in the equation dimensionally
ation among the four kingdoms difficult and became the sourzecluding the two dimensions ¢ andU. (The four dimensions
of much friction. Whenever there was a big problem, the Jokes§length, mass, time, and current are not necessary since they
were summoned to make peace. No worry, no war. Howeven not affect the equations.) As is evident from (A1), the only

what is that all got to do with units? quantity we need to worry about jg. Now
Well, the Jokers stand for “transitional units” and “transi-
tional equations,” i.e., units and equations with augmented di- B = noH (A2)

mensions inS or U. To convert from one system of units or the di . th B/H which i
equations to another, follow this three-step process. so the dimensions gf, are those o3/ H, which we write

Step 1) Starting in the first (originating) system, create a new [B]
quantity or equation that has been augmented by di- [Ho] = ﬁ (A3)
mensions irs andl/ so as to be dimensionally com- ] ) .
plete. This is equivalent to substituting the Joker fofhere the square brackets denote that (A3) is a dimensional

the original card, whatever the suit, since the transfquation. _ . .
tional form, like the Joker, can speak the language of Since we are concerned only with the dimensiong.fn
any system (kingdom). terms of S andU (and do not need to supply the dimensions

Step 2) Make sure that this quantity or equation (now e®f length, mass, time, and current), it follows from the two
pressed in “transitional” form) is still correct numer-Maxwell’'s equations (11) and (12) that
ically in the original system whefi and/orl are re-

-1 —2

placed by their original values. (1ol o< [STH] (U] (A4)

Step 3) _Replac@ and U by their numerical values in the Further, since in the MKSA{) system of unitsS = 1 and
final "target” system. U = 1, (Al) is balanced dimensionally by multiplying the

Examples are worked out in detail in Appendixes Aand B... .. : 2
Alice pointed out to the court that the system used by the Kin”gght hand side of (A1) byU™. Thus,
of Spades was no threat to the King of Hearts and demanded dF  SU?poli 1,
that Spades be called to testify as to their peaceful intentions. darL —  omr
She patrticularly urged the court to bring in the Jokers so they . .
could explain how they enable citizens from different kingdom |ch.does not change the numerical balance of the M@;A(
to communicate harmoniously. equation becaus€ = 1 andU = 1; but vyhen the Gausagn

The Queen of Hearts was outraged. “Off with her head,” siyglues ofS = 4 andU = 1/c are substituted, the equation
screamed at Alice, who was not intimidated. Alice knew thiéecomes
Queen always forgot her threat as soon as it was uttered and dF  2poli 1>
nobody took her seriously anyway. It remained to convince the dL ~—
King of Hearts who presided over the court that his throne was in 0 . ) . .
no danger. Alice pointed out that it was certainly advantageoff§€rec = 3 x 10°" (approximately), the velocity of light in
for everyone in the kingdom to use the same system of units affuum expressed in centimeters per second.
equations, but also that other systems in use in other kingdo 1S m le #2
were no threat to his royal Highness. She even suggested ame
the number of Jokers in each pack of cards be increased to mor&iven (A6) written in Gaussian units, what is the correct
than two! The King pointed out that it was state policy for evergquation in MKSA{) units?
king never to agree to anything proposed by another king, whichTake the steps just outlined in reverse. First, findtendU
made it extremely unlikely that they would all agree on Alice’slimensions of., as before, which brings us to (A4) again. De-
suggestion. Alice requested that the Knave of Hearts be set fréeg (A5), remembering that substituting the numerical values

(A6)

to which the King agreed. S = 4w andU = 1/cin Gaussian units, (A5) must reduce to

Alice moved a vote of thanks to the Jokers. The motion walse given (A6). Finally, replacg€ andU with their numerical
passed unanimously and the court was dismissed. values in MKSA¢) units, namelyS = 1 andU = 1 and obtain

The cards went home to play. (Al).

APPENDIX A APPENDIX B
How TO CONVERT EQUATIONS FROM ONE UNIT How To COMPARE UNITS IN ONE SYSTEM TO
SYSTEM TO ANOTHER UNITS IN ANOTHER

Example #1 Example #3

Given that the force per unit lengttf"/dL between two in-  Compare the units of current in the MKSA(and the
finitely long thin straight conductors carrying curredisand Gaussian systems.
I, spaced a distaneeapart, is in MKSA() units The defining equation for current in a standards laboratory is
dF  polils based on (A5), i.e., the current standard is determined by mea-
dL ~ onr (A1) suring the force between two identical currents in a current bal-
what is it in Gaussian units? ance. Thus, we shall start with that equation.
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Setting/; = I, = I, (A5) becomes To Convert Units of MagnetizationMagnetization is de-
IF SU2ual? fined by the International Electrotechnical Commission (IEC)
= %, (81) andthe IEEE byB = po(H + SM),5 which givesM dimen-

wr

sions of[M] = [S™!H]. Hence (before the addition of angle
In the MKSA() systemuq is definedto be equal tar x 10~7.  dimensions)M is measured in amperes per meter in MKB)A(
Now we have to compare the units pf, in MKSA(r) and and in oersted in Gaussian units. However, in physkdsijs
Gaussian units. Since a physical quantity (suchi@®r any usually defined by another equation, i.8,= uoH + SM S
other) does not change with the unit system—onlyritasure which would make[M] = [S™'B]. Thus, electrical engi-
changes—the larger the measure, the smaller the unit and vieers treat magnetizatiot/ dimensionally proportional to
versa. In Gaussian unitgy equals unity, therefore, the ratio ofmagnetic fieldd, while most physicists do so with respect to
an MKSA() unit of 110 to a Gaussian unit gfy equals 10/4x. magnetic inductiorB. To conform to the IEC/IEEE definition,
The ratio of the units of5, sphere/steradian, i&r. The ratio one substitutes oersted for gauss before convedihdgrom

of the units ofU is 3 x 10'° approximately. Length cancels.Gaussian to MKSA{) units. (This is possible becausg = 1
Finally, for force the ratio is newton/dyne, which equal$.10in Gaussian units.) The conversion ratios Aérand for  now
Now let us write (B1) twice, once in MKSA units and once irdiffer only by the ratio steradian/sphere. Hence, from (B3), the
Gaussian units, and then divide the respective sides of the twuts of M are

equations (length cancels) and, thus, find the ratio of the two

units of current as follows: 1 amp/(m - spheré = 10~ Oel/st (B4)

One ampere/one Gaussian unit of current (Franklin/second
P ( )Thus, without showing angle dimensions, (B3) and (B4) would

1/2
_ {newtorydyne}"/ / be inconsistent.
1/2
{(spherg!steradiamx (turn/curl)? x <M>}
{1o(9))
(o]
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mined in (B2) by remembering that tezeof the unit of a phys- Leeds, Leeds, U.K. and a Visiting Professor at the Israel Institute of Technology,

. . . . Haifa, Israel. He has given courses at Stanford University, Stanford, CA, and at
ical constant is inversely proportional to themerical valueof the Marconi Institute, Bologna, Italy. He has authored, co-authored, or edited
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Example #4 life member of its Administrative Committee. He served on the IEEE Board
P of Directors for eight years and was the 1980 IEEE president and chairman

You want to design a magnetically tunable filter using a Y| @f the Board. He has served on the Johns Hopkins University Advisory Com-
mittee to the School of Engineering for six years. He served on the Electrical

sphere. The supplier of the sphere specifies the saturation Magineering Advisory Board of the University of California at Santa Barbara.

netizationAds of the material in gauss—and withdar multi-  He was chairman of the National Science Foundation’s (NSF) first Engineering
plier added—thusdrMs = 1750 G. However, you need to Advisory Committee and has served on numerous Government committees. He
e . . ’ holds honors degrees in mathematics and in physics from Cambridge Univer-
speC|fy filter performance n MKSAO units. You want to con- sity, Cambridge, U.K. He was the recipient of an honorary Doctorate of Humane
vert magnetic fieldd and magnetizatiod/ from Gaussian to Letters and the Woodrow Wilson Award for Distinguished Government Service
MKSA(r) units. in 2000. He was also the recipient of the Microwave Prize and Microwave Ca-

To Convert Units of Magnetic FieldFrom (12), reer Award of the [EEE MTT-S.
[H} = [SUI/L]. Since 1 sphere= 4x sr, 1 curl= ¢

turns, then from (B2), the units df are related by
SWe have added thg to include both rationalized and nonrationalized units.

1amp/m = 47 x 1072 Oe. (B3) 5\We have added th to include both rationalized and nonrationalized units.
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